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Geometry of the Submanifolds of ESX,.
1. Parallelism in ESX, and Its Submanifolds
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A connection which is both Einstein and semisymmetric is called an ES connec-
tion. And a generalized n-dimensional Riemannian manifold on which the differ-
entiai geometric structure is imposed by g;, through an £S connection, is called
an #-dimensional ES manifold and denoted by ESX,,. This paper is the third part
of a systematic study of the submanifolds X,, of ESX,. In the first part, we
introduced a new concept of the C-nonholonomic frame of reference in ESX, at
points of X, and dealt with its consequences. In the second part, the generalized
fundamental equations on a hypersubmanifold of £SX, were derived as an appli-
cation of the C-nonholonomic frame of reference. The purpose of the present
paper is to study parallelism in ESX, and in its submanifold X,,, using the C-
nonholonomic frame of reference and the new concept of ES; curves.

1. INTRODUCTION

Einstein (1950, Appendix 1) proposed a unified field theory that, while
physically motivated, is mainly geometrical, in that it mainly consists of a
set of geometrical postulates for the space-time X,. He did not extensively
develop the geometrical consequences of these postulates. Characterizing
Einstein’s four-dimensional unified field theory as a set of geometrical postu-
lates for X., Hlavaty (1957) provided its mathematical foundation. Since
then the geometrical consequences of these postulates have been further
developed. A number of mathematicians and theoretical physicists have
contributed to the development of this theory. The generalization of this
theory to the n-dimensional generalized Riemannian manifold X, has also
been attempted by, e.g., Wrede (1958), Mishra (1962), and Chung et al.
(1981a,b, 1985). However, the main problem for the n-dimensional case is
that it is unable to display a surveyable tensorial solution of the Einstein
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equation in terms of g;,, probably due to the complexity of the higher
dimensions.

Recently, Chung et al. (1987) introduced the concept of an n-dimen-
sional ES manifold ESX,, imposing the semisymmetric condition on X,,
and found a unique representation of the Einstein connection in a beautiful
and surveyable form. Later, Chung et al. (1988a,b) also investigated the
curvature theory and field equations in ESX,,.

This paper is the third part of a systematic study of the submanifolds
X,, of ESX,. In the first part (Chung et al., 19894), a new concept of the C-
nonholonomic frame of reference in ESX, at points of X,, was introduced
and its consequences were considered. In the second part, Chung ef al.
(19895) derived the generalized fundamental equations on an ES hypersub-
manifold as an application of the C-nonholonomic frame of reference. The
purpose of the present paper is to study parallelism in ESX,, and its submani-
fold X,,. This paper contains five sections. Section 2 introduces some prelimi-
nary notations, concepts, and results. Section 3 deals with parallelism in a
general X,,. Most results in this section are well known. Section 4 is devoted
exclusively to parallelism in ESX,, investigating properties of the tensor
U"su, the vectors S; and U,, and the ES; curves. In the last section we discuss
parallelism on the submanifold X, of X,, and then of ESX,, using the C-
nonholonomic frame of reference and the new concept of ES; curves.

All considerations in the present paper are for a general n>1 and for
all possible classes and indices of inertia.

2. PRELIMINARIES

This section is a brief collection of basic concepts, results, and notations
needed in the present paper. It is based on the results and notation of Hlavaty
(1957) for Section 2.1, Chung et al. (1987) for Section 2.2 and Chung et al.
(19894) for Section 2.3.

2.1. n-Dimensional Unified Field Theory on X,

Let X, be a generalized n-dimensional Riemannian manifold referred
to a real coordinate system y*, with coordinate transformation y* — 7",” for
which

pe
Det(—y);éo @.1)

0y
The n-dimensional unified field theory on X, is an n-dimensional generaliz-
ation of Einstein’s unified field theory on the space-time X4. Therefore,

*Throughout the present paper, lowercase Greek indices are used for the holonomic components
of tensors in X,,. They take the values 1,2, ..., n and follow the summation convention.
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in this theory the algebraic structure on X, is imposed by a general real
nonsymmetric tensor g, the so-called Einstein unified field tensor. It may
be decomposed into a symmetric part 4;, and a skew-symmetric part K,

=Pt ko 2.2)
where
g=Det(gy)#0,  h=Det(h;,)#0 23)
Hence, we may define a unique tensor #*” by
hy =6}, (2.4)

The tensors #** and h;,, will serve for raising and/or lowering indices of
holonomic components of tensors in X, in our further considerations.

The manifold X, is assumed to be connected by a real general
connection I'}, with the following transformation rule:

_ B 2,.a
Fy,-2 (6y ¥ Fﬁy+—i—yf> @.5)
ay* \o5* ap* oy" op*

Furthermore, in the #-dimensional unified field theory, the differential geo-
metric structure is imposed on X,, by the tensor g,, by means of the Einstein
connection I}, satisfying a system of Einstein’s equations

awgly_r%mgay_rzl)ygla=0 (263.)
This system is shown to be equivalent to the tensorial form
wgly 2Sw;1 8in (26b)

where S, =T {4, is the torsion tensor of I'}, and D,, denotes the symbol of
the covariant derivative with respect to I',,.

A procedure similar to Christoffel elimination applied to the symmetric
part of (2.6b) yields that if the system (2.6) admits a solution I';,, it must
be of the form

F;LH= {AV’“} +S,wv+ UVA# (27)
where
U3 =20""S o5k o (2.8)

and {,"} are the Christoffel symbols defined by 4;,.
An eigenvector V' of k;, which satisfies

(Mhyy,+ ks ) V=0 (M is a scalar) 2.9)

is called a basic vector of X, and the corresponding eigenvalue M of k;, a
basic scalar of X,,.
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2.2. The ES Manifold ESX,

A connection I'}, is said to be semisymmetric if its torsion tensor S,”
is of the form

Sie =26p"X (2.10)

for an arbitrary vector X,,. A semisymmetric connection which satisfies (2.6)
is called an ES connection. A generalized Riemannian manifold X, on which
the differential geometric structure is imposed by g;,, through an ES connec-
tion is called an n-dimensional ES manifold and will be denoted by ESX,,.

It has been shown that there always exists a unigue n-dimensional ES
connection I'}, of the form

FX”= {Av#} +2k(,1VX”)+25[,1VX”] (211)

for a unique vector X, represented by *

Xlz

*hPY kg (2.12)
n—1

where V, is the symbolic vector of the covariant derivative with respect to
{»".}. Therefore, we note that there always exists one and only one ESX,
once a unified field tensor g,,, is given.

2.3. The C-Nonholonomic Frame of Reference

Let X,, be a submanifold of a generalized n-dimensional Riemannian
manifold X, (m<n), defined by a system of real parametric equations

Y=y, o, x™) (2.13)

It is assumed that the functions y*(x’) are sufficiently differentiable and the
rank of the matrix of derivatives B}=0y"/dx’ is m. Clearly X,, is an m-
dimensional differentiable manifold in its own right. Furthermore, if a vector
field tangential to X,,, is given by U" in the y’s and U’ in the x’s, respectively,
we must have

U'=BU’ (2.14)

Since the rank of the matrix (B}) is m, the condition (2.3) guarantees
the existence of the first set of n—m nonnull real vectors N " normal to X,,;,

“The precise representation of the tensor *#** is given in Chung et al. (1981a).
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which are linearly independent and mutually orthogonal. That is,
hagBiN?=0,  hypN°NP=0  for x#y (2.152)

The process of determining this set is not unique unless m=n-— 1. However,
we may choose their magnitudes such that

hypN°NP=¢, (2.15b)

where &,==x1 accordingly as the left-hand side of (2.15b) is positive or
negative.
Put

BY if A=1,....m (=)

E;= .
],YV if A=m+1,...,n (=x)

(2.16)

Since {E}} is a set of » linearly independent vectors in X, at points of X,,,,
there exists a unique second set {E3} of n linearly independent vectors at
points of X,, such that’

E{EY=6;, EXE%=53 (2.17)
Put

Ei={% i jil"'l"m (=) (2.18)

N, 1 =m+1,...,n (=Xx)
B{=B.B/ (2.19)
Then, it has been shown that the following relations hold in virtue of (2.17):
BLB{=58j, N.N°=5;, BuN°=N.BI=0 (2.20)
Bi=85-Y N:N*,  BSN,=BIN“=0 (2.21)

In virtue of (2.21), we note that the vectors B form the second set of
linearly independent vectors tangential to X,,. We also note that the set

*In the present paper, we use the following different types of indices: (a) Lowercase Greek
indices @, B, 7, . . ., running from 1" to n’ are used for the holonomic components of tensors
of X,,. (b) Capital Latin indices A, B, C, . . ., running from 1 to n are used for the C-nonholon-
omic components of tensors in X,, at points of X,,. (c) Lowercase Latin indices i,/, k, ...,
with the exception of x, y, z, running from 1 to m (<n). (d) Lowercase indices x, y, z, running
from m+1 to n. The summation convention is operative with respect to each set of the above
indices within their range, with the exception of x, y, z.
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x
{N,} is the second set of n—m nonnull vectors normal to X,,, which are
linearly independent and mutually orthogonal.

The sets E and E7 will be referred to as a C-nonholonomic frame of
reference in X, at points of X,,. This frame of reference gives rise to C-
nonholonomic components of a tensor in X,,: If T} are holonomic compo-
nents of a tensor in X,,, then at points of X,, its C-nonholonomic components
T#: are defined by

T4:=T§Eq - Ef--- (2.22)
In virtue of (2.17), an easy inspection shows that
Ty =T3:E4- E7- (2.23)

As a consequence of (2.23), we have
hau=h,BiBL+Y NN, (2.242)
W'=h"B!B;+Y eN'N" (2.24b)

As another consequence of (2.23), we have

T'=T'B/+Y T"N" (2.252)
or equivalently
T,=TBi+Y T.N, (2.25b)

where TV are components in the y’s of a vector in X,,. Equations (2.25a)
and (2.25b) show that at each point of X,, any vector T in X, may be
expressed as the sum of two vectors, the former tangential to X,,, the latter
normal to X,,. Furthermore, T", called the induced vector on X,,, of T" in X,,,
are components of a tangent vector to X, at points of X,, relative to the
coordinate transformations x’ — %. This concept may be generalized to an
arbitrary tensor Ty in X, in like manner. If T'; are the components in the
y’s of a tensor in X, then the quantities

Ti =T§ By - -BF--- (2.26)

evaluated at points of X,, are called the components of the induced tensor on
X of T3 in X,,. In fact, they are components of a tensor in X,, relative to
the coordinate transformations x' — X'
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It has been shown that the induced tensors 4;; of /1, and #* of h*" satisfy
hyh* =65 (2.27

Therefore, they may be used for raising and/or lowering indices of the
induced tensors on X, in the usual manner.

2.4. The Induced Connection on X, of X,

If I'j, is a connection on X, the connection F’fj defined by

T5=BY(Bj+T1sBiB), Bj=—=-

is called the induced connection of '}, on X, of X,,.

Each of the following statements has been already proved:

(a) The torsion tensor S;* of the induced connection T'}; is the induced
tensor of the torsion tensor Sy,” of the connection I"},. That is,

S.f=S./B!BB" (2.29)

(b) The induced connection {*;} of {,”,} is the Christoffel symbol
defined by A;;. That is,

{ikj} = %hkp(é\ihjp + ajh,‘p - aph,»j)
(c) On an X,, of ESX,, the induced connection T'}; is of the form
L= {5} +28{ X))+ 2k /X)) (2.31)

Hence, the induced connection is also semisymmetric.
(d) A necessary and sufficient condition for the induced connection
I'}; to be Einstein is°®

2 ki pe=0 (2.32)

3. PARALLELISM 1IN X,

In this section we investigate parallelism and paths in X,. Some of the
results introduced in the present section are well known.

In a general X, there is no basis for the comparison of vectors at different
points. For a Riemannian manifold, parallelism of vectors, as defined by
Levi-Civita, serves as a basis for such comparison. This definition may be

*This condition has been proved in Theorem 3.17 of Chung and Kim (1991).
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generalized for a connected generalized Riemannian manifold X,. Let C be
any curve in X, given by

=y (3.1

Definition 3.1. A vector field V'V is said to be parallel along C with
respect to a connection T}, if it satisfies the following condition:

dy* dy®
~ yPp, y1i=0, VV#p— D, V" 3.2a
dr P (3.22)

for some p#0, or equivalently

av d @
V“( oy ye ;t ) 0, V"#p%DaV“ (3.2b)

In particular the curves whose tangents are parallel along themselves are
called the paths in X, with respect to I';,. A path with respect to {;",} is
called a geodesic of X,,.

Therefore, the equations of paths are given by

[A 2.V
@(dy ALY Y

0, Ab=T¢, 3.3
ar i d) =1 (ap) (3.3)

Theorem 3.2. A necessary and sufficient condition that parallelism be
the same along every curve in X, with respect to two connections I';,and
I'}, is that they are related by

[;.=T5+28p, (3.4)

or equivalently
Axu=AXu+25(/1VPﬂ) (3.5a)
Sluvz Sin”+ 20" P (3.5b)

where p; is an arbitrary vector.

Proof. If parallelism is the same along every curve in X, with respect
to I', and T'},, we must have (3.2b) and the corresponding one for I'},.
Subtraction of the former from the latter gives

dy”

dy"
vy, P ; =5/ 4wV V=0 (3.6)
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where
AB,,V=I={;Q—F}§“ 3.7

is a tensor. In order that (3.6) holds for every curve and vector V" in X,
we must have

8" Apa1=0 (3.8)
Contracting for A and y in (3.8), it follows that

Ap,"=265"p" (3.9)
where p, is a vector defined by

pa=2LnAyJ (3.10)

The relation (3.4) immediately follows from (3.7) and (3.9). On the other
hand, it may be easily seen that the corresponding condition to (3.2b) for
I';, follows from (3.4) and (3.2b). This proves the converse statement of
our assertion. The relations (3.5) are an immediate decomposition of (3.4).

Remark 3.3. In virtue of (3.4), we note that parallelism along every
curve in X, cannot be the same for two different symmetric connections.
Furthermore, equation (3.3) suggests that paths in X, are the same with
respect to two connections, one of which is I'},, and the other T}, is defined
by (3.5a) and an arbitrary choice of §,,".

The following theorem gives a condition of parallelism in terms of the
covariant components of vectors.

Theorem 3.4. The condition (3.2a) of parallelism is equivalent to

dya dya
— DV )Vi=— Topa 3.1
g L VeVa=—rTo (3.11)
where
Topa™= Vﬁ(Dahﬁ[m) Vi (3.12)
Proof. Multiplying by h;,h,, on both sides of (3.2a), we have
dx”
— ViharpDaV?=0 (3.13)

Our assertion (3.11) immediately follows by substituting the obvious relation
hopDo VP =DV~ VED hg,
into (3.13) and making use of (3.12).
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4. PARALLELISM IN ESX,

Agreement 4.1. In this section and in what follows, we suppose that the
unique vector X; given by (2.12) satisfies the following conditions:

(a) X,#0.

(b) X, is not a gradiant vector.

Section 4.1 is concerned with some useful relations satisfied by the
tensor U";, and the vectors

S, = Sxaa, U,=U% (4- 1)

which are needed in our further considerations. Section 4.2 is devoted to the
parallelism, paths, and parallelism-preserving change of connections
in ESX,,.

4.1. The Tensor U";, and the Vectors S;, U,

The tensor U";, is closely related with the theory of parallelism.

Theorem 4.2. In ESX, the tensor U, satisfies the following conditions:
(a) U"#0.
d) Uy =0.

Proof. The condition (b) is a direct consequence of
ley=2k(,1VXu) (42)

which follows from (2.8) and (2.10). In order to prove statement (a), assume
that U";,=0. Then (4.2) gives

ki Xtk X,=0 for every A, u, v 4.3)

In virtue of the first condition of Agreement 4.1, there exists at least one
fixed index £ such that X:#0. Hence, we have

ki Xe+keX2=0 for every A and v 4.4)

Putting A= £ in (4.4), we first note that k;,=0 for every v. Hence, substitut-
ing k¢, =0 into (4.4), we finally have

k;,=0 for every A and v
which is a contradiction to the nonsymmetry of g,,.

Remark 4.3. Substituting (2.8) into the left-hand side of condition (b)
of Theorem 4.2, we note that (b) also holds in X,,.
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Theorem 4.4. In ESX, the vectors S and U, are given by
S;=(1—-n)X, (4.5)
Up=:30Ing=k"Xa,  g=g/b (4.6)
Proof. Putting y=v in (2.10), we have (4.5). Similarly, the second

relation of (4.6) may be obtained by putting p=v in (4.2). According to
(2.3), we note that there exists a unique tensor

rgiv=Ing (4.7a)
6glv
satisfying the condition
G g =g *g" =4, (4.7b)

In order to prove the first relation of (4.6), multiply by *g* on both sides
of (2.6a) and make use of (4.7b) to derive

dolng—T5,—T5.,=0 (4.8a)
or

OpIng+28,—2I'5,=0 (4.8b)
On the other hand, in virtue of the well-known classical relation

(%} =120, In b

we have

[8,=10,Inh+S,+U, (4.8¢)
The first relation of (4.6) immediately follows from (4.8b) and (4.8c).

Remark 4.5. In the proof of the first relation of (4.6), we used the
Einstein condition (2.6) only. Therefore, we note that it also holds in X,,.

Theorem 4.6. In ESX, the vector field U, is orthogonal to X, (or
to §,). That is,

U, X*=U,S*=0 (4.9)
Proof. In virtue of the second relation of (4.6) and the skew-symmetry
of k,,, the first relation of (4.9) may be proved in the following way:
U X =k XX =k X°X*=0

Therefore, the second relation of (4.9) is obvious in virtue of (4.5).
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Theorem 4.7. In ESX, we have

DX, =V, X, —2UuX, (4.10a)
DXy =ViX =X, (4.10b)
V[AUu]=0, D[AU”]=2U[;\,X#] (4100)

Proof. The proof of this theorem follows easily from (2.10), (2.11),
and (4.6).
4.2. Parallelism in ESX,

In virtue of (3.3) and (4.2), a curve Cin ESX,, given by (3.1), is a path
if it satisfies

A/ 52 v]
[dy (d dtdy VX, & dy) 0} (4.11)

dt i dt dt " ° T dt at
As a consequence of (4.11), we have the following result.

Theorem 4.8. A necessary and sufficient condition for a path Cin ESX,
to be a geodesic is that the tangential vector field T%=dy"/dt of C satisfies
the following condition:

X Tk TITP =0 (4.12)

In order to obtain some geometrical consequences of the condition
(4.12), we need the following definition.

Definition 4.9. A curve C in ESX, which is

tangent to a basic vector of ESX,
orthogonal to the vector X,
tangent to the vector U,

tangent to the vector X

at each point of C is called

an ES| curve
an ES, curve
an ES; curve
an ES, curve

of ESX,.
Since the vectors X, and U; are orthogonal in virtue of (4.9), we note
that an ES; curve is an ES, curve, while an ES, curve may not be ESj;.
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According to the Definition 4.9, the characterization of an ES, curve is given
by

2.9
Cis an ES, curve & kg*T*TF=0 along C (4.13a)

Cisan ES; curve = X, T*=0 along C (4.13b)
Cis an ES; curve @ T,=pU, along C for a suitable p#0 (4.13¢)
2

Cis an ES, curve T,=pX, along C for a suitable p#0 (4.13d)

Now, we are ready to state and prove consequences of the con-
dition (4.12).

Theorem 4.10. Let C be a path in ESX,,. Then the following statements
hold:

(a) If Cis a geodesic, it is an ES; or ES, curve.

(b) If Cisan ES;curve, i=1, 2, 3, then it is at the same time a geodesic.

(c) If Cis a minimal ES, curve, it is a minimal geodesic.

Proof. Our assertions in this theorem are immediate consequences of
(4.13) and Theorem 4.8.

Since there exists a unique ES connection in X,,, it is not possible to
consider a change of ES connections which preserves parallelism. However,
the following theorem gives the most general parallelism-preserving change
of connections one of which is the ES connection.

Theorem 4.11. A necessary and sufficient condition that parallelism be
the same along every curve in X, with respect to two connections one of
which is the ES connection I'}, is that the other connection I}, be given by

L= {3} = 28"ux,) +2854,, (4.14)
which may be split into

Af= {20+ 20 X+ 286D,

= {1} — 280X + 28074, (4.15a)
S =28,"4, (4.15b)

where
Ay=X;+p, (4.16)

is an arbitrary vector.

Proof. Suppose that parallelism is the same along every curve with
respect to two connections one of which is the ES connection |
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Substituting (2.11) into (3.4) and making use of (4.16) and
gv;L= 5/lv_klv

we have (4.14). Conversely, suppose that (3.2b) holds for the ES connection
I';.. Then, in virtue of (3.2b), (4.14), and (4.16), it follows that

V] _ a (1
V[/l(dV +F}’;],,Vﬂ dl)_—.zyll%\’]yﬂdlpa:()
dt dt dt

This proves the converse statement of our assertion.
As an immediate consequence of Theorem 4.11, we have the following
theorem simply by putting 4,=0 in (4.14) and (4.15).

Theorem 4.12. Parallelism is preserved along every curve in X, with
respect to the ES connection I' ;, and a symmetric connection I'}, given by

I:Xy= {xvv} - 2gV(AXu) (4.17)

Our final result is the following theorem, which gives a precise tensorial
form of the tensor T, in ESX,.

Theorem 4.13. Tn ESX, the tensor T, defined by (3.12) is given by
Topa=Va—k V)XoV + (VX ) Vi oia (4.18)
Proof. In virtue of (2.6b), (2.10), and (2.2), we have
VD hpo=2V"Sua'8py,
=2V X w8py— Xabi'Ep7)
=2VA(X (w&pa—Xag(pw)
=X Vu— (kPVa)X0o—2X Vot VX 38 0a (4.19)

Substitution of (4.19) into (3.12) immediately gives (4.18).

‘5. PARALLELISM IN A SUBMANIFOLD OF ESX,

In this final section we investigate parallelism, paths, geodesics, and
ES; curves in a submanifold of ESX,, using the C-nonholonomic frame of
reference, and obtain several interesting properties concerning parallelism.
In Section 5.1 we discuss parallelism in a general X,,, and then apply the
results to a submanifold of ESX), in Section 5.2. In this section, we particu-
larly investigate the properties of ES; curves.
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5.1. Parallelism in a Submanifold of X,

All discussions in the present section are restricted to a submanifold X,
of a general X,,.
Let C be a curve in X,,,, given by

y'=y"(s) inthe y’s (5.1a)
x'=x'(s) in the x’s (5.1b)

Let V" be the components in the y’s of a vector field in X,, defined along
C. Then, in virtue of (2.14) and (2.26), its induced components V* on X,,
are related to V"V as

Ve=V*Bg, Vi=V°B, (5.2)
Along C introduce two vector fields 4" and C' by

@ J
o= py =

=DV 53
ds ds ' (5:3)

respectively, where D; denotes the symbo! of the covariant derivative with
respect to the induced connection I'}; defined by (2.28).

Theorem 5.1. The vector C' is the induced vector on X,, of the vector
A" in X,,. That is,

C'=A'=A"B|, (5.4a)
The inverse relation of (5.4a) is given by
A'=A'B/+Y A™NY (5.4b)
Proof. Using the first relation of (5.2) and (2.28), we have
. ove .
(DpV*)B.B} =(a~7+r$ﬁVVBf>B'a
X

aVk a k a o Yo B i
= @Bk“"V (Bi;+T3sBIE}) By

oV . .
VA VAT 4,=DV" (5.5)

We now substitute (5.5) into the second relation of (5.3) to prove (5.4a) in
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the following way

dx’\_,

Ci= (DﬁV”)<Bf ES—)B,I

B

P o
=DV 2 Bi=4°Bi=4'
ds

The relation (5.4b) directly follows from (2.32a).
In virtue of (5.4), it should be noted that 4" is not tangential to X,, in
general, whereas V¥ is tangential to X,,,.

Definition 5.2. The vector field 4* (or A’) is called the generalized
derived vector of V" (or V') in the direction of C with respect to X, or T},
(or X,, or T'%). In particular, when V" (or V") is the unit tangent vector field
to C, we call

(+4 v J i
A":f’lpu dy <OI‘ Ai=di jdi> (5.6)
ds ds ds ds

the generalized first curvature vector of C with respect to X, (or X,,).
Theorem 5.3. The bivectors V[flA " and V4" are related by
Vig/'=y4PIB B} (5.7a)
vial=vUi4/ BB +y A" VVNY (5.7b)
Proof. The relation (5.7a) is a direct consequence of (2.33). On the
other hand, (2.32a) gives
vial=vU4/ BB} +Y VA 'N"B}

+3 VIAIBINT+ Y VAN
x Xy

Since the vector V¥ is tangential to X,,, the last n—m C-nonholonomic
components F* of V¥ vanish. Substituting V=0 into the above relation
and making use of (5.2), we finally have (5.7b).

In the following two theorems, we give geometrical interpretations of
the relations (5.7).

Theorem 5.4. Let C be a curve in a submanifold X,, of X,, and let V"
be a vector field in X, defined along C. Then the following statements hold:

(a) If V"V is parallel along C with respect to X, then it is also parallel
along C with respect t0 X,,,.
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(b) If V" is parallel along C with respect to X,,, then it is also parallel
along C with respect to X, or its generalized derived vector 4" in the direction
of C is normal to X,, along C.

Proof. In virtue of (3.2a), (5.3), and (5.4a), we first note that V'*4"=

0 (VU41=0) if and only if V" is parallel along C with respect to X, (X.,.).
Hence the statement (a) follows directly from (5.7a). Conversely, suppose
that V' is parallel along C with respect to X,,. Then V' 4/1=0 in (5.7b). If
the vector A" is tangential to X, along C, then A*=0 for all x and so V"*4"=

0 in virtue of (5.7b). Hence V" is parallel along C with respect to X, in this
case. If the vector A" is not tangential to X,, along C, then 4*#0 for some x
and hence (5.7b) gives ’

V[A (AV]___Z AXIV]AX)=0 N szz ijyv

This shows that the vector 4Y is normal to X, in this case. Hence the
statement (b) is proved.

Theorem 5.5. Let C be a curve in a submanifold X,, of X,,. Then the
following statements hold:

(a) If Cis a path in X, then it is also a path in X,,.

(b) If Cis a path in X,,, then it is also a path in X, or its generalized
first curvature vector with respect to X, is normal to X, along C.

Proof. Taking the vector field V¥ in Theorem 5.4 as the unit tangent
vector field to C, that is,

d v ) d i
=2 oy (5.8)
ds ds
our assertion immediately follows from Theorem 5.4.

5.2. ES; Curves and Parallelism in a Submanifold of ESX,

Now we are ready to obtain several interesting properties of ES; curves
concerning parallelism in a submanifold X,, of ESX,, in addition to the
results of Section 5.1, which also hold in an X, of ESX,,.

As given in (2.31), the induced connection Ff-‘j of the ES connection is
also semisymmetric, but it is not Einstein in general. Therefore, we note that

’Another possible case for the left-hand side to hold is that the relation V'=A4"-Y AN

holds. In virtue of (5.4b), this relation leads to

L 6D L
VY=A'B} —— V'=4

which is a contradiction to the Definition 3.1 of parallelism.
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a submanifold X,, of ESX, is not an ES manifold in general. It is an ES
manifold if and only if the unified field tensor g,, on ESX, satisfies the
condition (2.32).

In order to investigate the properties of ES; curves on an X,, of
ESX,, we need the following definition similar to the Definition 4.9 or the
criterion (4.13):

Definition 5.6. A curve C on an X,, of ESX, is called

an ES| curve
an ES, curve
an ES; curve
an ES, curve

with respect to X,,, if along C the induced vector T’ of TV satisfies the
condition

kNTAT =0
XT'=0

Ti=pU, p#0
T,=pX;, p#0

The following theorems give some special properties of ES; curves
on X,,.

Theorem 5.7. Let C be a curve on an X, of ESX,. Then the following
statements hold:

(a) If Cis an ES; curve with respect to X,,, it is also an ES; curve with
respect to X,,,. Here, i=1, 2,3, 4.

(b) If Cis an ES, curve with respect to X,,,, it is also an ES; curve with
respect to X, if the following condition is satisfied:

Y k'T'T'NYB1=0 (5.9)

(c) If Cis an ES; curve with respect to X,,, it is also an ES, curve with

respect to X,.
(d) If Cis an ES; curve with respect to X,,, it is also an ES; curve with

respect to X, or its tangent T3 along C is given by

Tl=p<Urz_ U.\.z"\'u) (5.10)



Geometry of the Submanifolds ESX, 1399

(e) If Cis an ES, curve with respect to X,,, it is also an ES;, curve with
respect to X, or its tangent 7 along C is given by

T,= p(Xl—sz\u) (5.11)
Proof. Since the curve Cis on X,,, we first note that

TN,=0 (5.12)
Making use of (2.19), (2.21), (2.26), and (5.12), we have

X

k;[ka]Ti=k5aTyT£B,[3jBl;](5g"Z é}’ﬂ E}

=k *T"T?B/B" (5.13a)
XT'=X,T’Bj
=X,,Tﬁ<5;—z zy“i(r,,)q,,r“ (5.13b)

T,=pU, for some p#0
- (T;— pU))B3=0 for some p#0
- T;=pU; for some p#0 (5.13¢)

(since U, is tangential to X,, in this case); and

T,=pX, forsome p#0
- (T;,— pX;)B4=0 for some p#0
- T;=pX; for some p#0 (5.13d)
(since X, is tangential to X,, in this case).
Our statements (a) and (¢) immediately follow from (5.13) and Defini-

tion 5.6. In order to prove the converse statement (b), we use (2.23) to
obtain

ks*=ks"B4BS

<k/BIBy+Y kiN*By+ S k/BINs+ T kIN'N;  (5.14)
X . x X,y -
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Making use of (2.20), (2.26), (5.12), and (5.14), it follows that
kd* T'T?=k/T*T*BYB}!BsBi+Y ki T"T*N"B/ BB

=kVTHT'B!B;+Y ki"T"T’])y[’lB,f] (5.15)

Our statement (b) immediately follows from the relation (5.15) in virtue of
(4.13a) and Definition 5.6. In order to prove the statement (d), suppose that
C is an ES; curve with respect to X,,,. Then, in virtue of (2.26), we have

T;=pU; for some p#0
- (T,—pU,)Bf=0 for some p+£0

The above result implies two cases. The first case is that T,= pU, for some
p#0. This means that Cis an ES; curve with respect to X,,. The second case
is that the vector T,— pU, is normal to X, in virtue of (2.20). That is,

T.~pU,=Y CN,  for C, not all zero (5.162)
But, in virtue of (2.25b), the left-hand side of (5.16a) is
T,~ pU,=T:B},~ p(U,-B‘;+z UJh)
=(T;~ pU)B.=p Y UiN,

=—pY U.N, (5.16b)

which shows that the tangent vector T} is given by (5.10) in this case. Hence
the statement (d) is proved. The proof of the statement (e) is similar to that
of statement (d).

Remark 5.8. As noted in the paragraph following Definition 4.9, if a
curve C on X, is ES; with respect to X, it is also ES, with respect to X,,.
Hence, it is both ES; and ES, with respect to X, according to the statement
(a) of Theorem (5.7). However, a curve C on X,, which is ES; with respect
to X, is not ES, with respect to X, in general. Probably, this is due to the
fact that X,, is not an ES manifold in general.

Theorem 5.9. Let C be a path of ESX, which lies on an X, of ESX,,.
Then the following statements hold:

(a) If Cis a geodesic with respect to ESX,,, it is an ES; or ES, curve
with respect to both X,, and ESX,.
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(b) If Cis an ES curve with respect to X,, and satisfies the condition
(5.9), it is a geodesic with respect to ESX,,.

{¢) If Cis an ES; curve with respect to X,,,, it is a geodesic with respect
to ESX,,.

Proof. First, we note that C is also a path with respect to X, in virtue
of Theorem 5.5(a). If a path C is a geodesic with respect to ESX,,, it is an
ES, or ES; curve with respect to ESX, in virtue of Theorem 4.10(a). Hence,
the statement (a) immediately follows from Theorem 5.7(a). The statements
{b) and (c) are direct consequences of Theorem 5.7(b), (¢) and Theorem
4.10(b).
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